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We extend the coherent state transform (CST) of Hall to the context of abelian
varieties by considering them as quotients of the complexiﬁcation of the abelian
group K ¼ Uð1Þg. We show that this transform, applied to appropriate distributions
on K, gives all classical theta functions, and that, by deﬁning on this space of theta
functions an inner product related to the K-averaged heat kernel, the unitarity of the
CST transform is still preserved. # 2002 Elsevier Science (USA)1. INTRODUCTION
The Segal–Bargmann or coherent state transform (CST) was introduced
in the context of the quantum theory [3, 20, 21] as a transform from the
Hilbert space of square integrable functions on the conﬁguration space to
the space of holomorphic functions on the phase space. In ﬁnite dimensions
this transform maps L2ðRn; dnxÞ to the space HðCnÞ of holomorphic
functions on Cn. With an appropriate choice of measure dm on Cn the
transform is a unitary transform (on)to L2ðCn; dmÞ \HðCnÞ.1Address after May 15, 2001: Department of Mathematics, Instituto Superior Te´cnico,
Av. Rovisco Pais, 1049-001 Lisboa, Portugal.
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COHERENT STATE TRANSFORMS 411In [13] Hall proposed a generalization of the CST in which Rn is replaced
by an arbitrary compact connected Lie group K and Cn by the complex-
iﬁcation KC of K (see [16]). When K is abelian this CST is an easier
extension of the one deﬁned by Segal and Bargmann; however, the
normalization proposed by Hall is particularly convenient for our purposes.
This Segal–Bargmann–Hall CST was further generalized to gauge theories
with applications to gravity in the context of Ashtekar variables in [1] and to
Yang–Mills theories in two space–time dimensions in [8]. For reviews and
recent developments see [14, 15, 24].
In the present paper we extend the CST in a different direction. By
considering a general complexiﬁed invariant metric iO on K ¼ Uð1Þg and
applying the appropriately extended CST to certain spaces of distributions,
we obtain spaces of (level k) theta functions on a rank g abelian variety M
with period matrix O. These theta functions are not square integrable on
KC ¼ ðC* Þ
g with respect to the averaged heat kernel measure introduced in
[13]. However, since level k theta functions correspond to holomorphic
sections of the kth power Lk of the determinant bundle L ! M, their natural
inner product is given instead by an integral over M with respect to the
Liouville measure and an appropriate hermitian structure on Lk. We show
that the averaged heat kernel does satisfy the necessary quasi-periodicity
conditions to deﬁne the pull-back of an hermitian structure on Lk. With this
inner product the unitarity of the CST is recovered by choosing a natural
O-independent inner product on the initial spaces of distributions.
Analogous techniques can be applied to the study of non-abelian theta
functions [2, 4, 6, 7, 23] on the moduli space of semi-stable holomorphic
vector bundles [18] on a compact Riemann surface. The CST on Lie groups
appears in this context through the use of the Schottky uniformization of
the moduli space [5, 9] and it provides a purely ﬁnite-dimensional frame-
work for the explicit study of non-abelian theta functions. The application
of these techniques to genus one non-abelian theta functions will appear in
[10]. Applications to higher genus will appear in [11].
The paper is organized as follows. In Section 2, for convenience of the
reader and also to establish notation, we start by brieﬂy recalling from [13]
the coherent state transform for Lie groups. In Section 3, we recall from [12]
some aspects of theta functions on abelian varieties. Finally, in Section 4 we
deﬁne the CST for abelian varieties, study its relation to classical theta
functions, and prove its unitarity.
2. COHERENT STATE TRANSFORM FOR LIE GROUPS
Let K be a compact connected Lie group, KC its complexiﬁcation [16] and
let rt be the heat kernel for a Laplacian D on K associated with a given bi-
FLORENTINO, MOURA˜O, AND NUNES412invariant metric. By deﬁnition, rt for t > 0 is the fundamental solution at the
identity of the heat equation on K
@u
@t
¼
1
2
Du: ð1Þ
As proved in [13], rt has a unique analytic continuation to KC, also denoted
by rt. The K-averaged coherent state transform is deﬁned as the map
Ct : L
2ðK ; dxÞ !HðKCÞ
ðCtf ÞðzÞ ¼
Z
K
rtðzx
1Þf ðxÞ dx; f 2 L2ðK ; dxÞ; z 2 KC
where dx is the normalized Haar measure on K and HðKCÞ is the space of
holomorphic functions on KC. For each f 2 L2ðK ; dxÞ, the restriction of Ctf
to K is just etD=2f , the solution of heat equation (1), with initial condition
given by uð0; xÞ ¼ f ðxÞ. Therefore, Ctf can be also deﬁned by
ðCtf ÞðzÞ ¼ ðC 8 rt$f ÞðzÞ ¼ ðC 8 e
tD=2f ÞðzÞ; ð2Þ
where $ denotes the convolution in K and C denotes analytic continuation
from K to KC. In [13], Hall deﬁnes the K-averaged (or K-invariant) heat
kernel measure dnt on KC, and proves the following result.
Theorem 2.1 (Hall). For each t > 0, the K-averaged coherent state
transform Ct, is an unitary isomorphism from L
2ðK ; dxÞ onto the Hilbert
space L2ðKC; dntÞ \HðKCÞ.
A useful expression for Ctf can be obtained from the expansion of
f 2 L2ðK ; dxÞ given by Peter–Weyl’s theorem,
f ðxÞ ¼
X
p
TrðpðxÞAp;f Þ; ð3Þ
where the sum is taken over the set of (equivalence classes of) irreducible
representations of K, and Ap;f 2 End Vp is given by
Ap;f ¼ ðdim VpÞ
Z
K
f ðxÞpðx1Þ dx; ð4Þ
Vp being the representation space for p. Then we obtain
ðCtf ÞðzÞ ¼
X
p
etlp=2 TrðpðzÞAp;f Þ; ð5Þ
COHERENT STATE TRANSFORMS 413where lp is the eigenvalue of D on functions of the type
TrðApðxÞÞ; A 2 EndðVpÞ:
As we will show, it turns out that the image of appropriately chosen
distributions on K with respect to a natural extension of Ct, gives functions
satisfying quasi-periodicity conditions in the imaginary directions of KC.
These are theta functions corresponding to holomorphic sections of the pull-
back of line bundles over abelian varieties.
3. ABELIAN VARIETIES AND THETA FUNCTIONS
Let V be a g-dimensional complex vector space and Lﬃ Z2g a maximal
lattice in V such that the quotient
M ¼ V=L ð6Þ
with canonical projection p : V ! M, is an abelian variety, i.e. a complex
torus which can be holomorphically embedded in projective space. We
assume that M is endowed with a principal polarization. The case with a
general polarization is treated analogously [12]. We will address the CST
transform for the general case of abelian varieties in [10], in the context of
genus 1 non-abelian theta functions. We can always ﬁnd a basis l1; . . . ; l2g
for L, such that l1; . . . ; lg is a basis of V and
lgþa ¼
Xg
b¼1
Obalb; a ¼ 1; . . . ; g; ð7Þ
where O ¼ ðOabÞ
g
a;b¼1 is a g 
 g matrix in the Siegel upper half space Hg of
symmetric matrices with positive-deﬁnite imaginary part. Conversely,
principally polarized abelian varieties are parametrized by matrices in Hg,
so we will consider once and for all an arbitrary but ﬁxed matrix O 2 Hg
and refer to M ¼ V=L as the abelian variety determined by the (period)
matrix O.
Let L ! M be the holomorphic line bundle deﬁned by the automorphy
factors
ela ðzÞ ¼ 1;
elgþaðzÞ ¼ e
2pizapiOaa ; z 2 V ; a ¼ 1; . . . ; g; ð8Þ
where z1; . . . ; zg are complex coordinates on V dual to the complex basis
l1; . . . ; lg, and let k be a nonnegative integer. Level k (abelian) theta
functions *y are holomorphic sections of Lk; *y 2 H0ðM ; LkÞ. Using auto-
FLORENTINO, MOURA˜O, AND NUNES414morphy factors (8), we see that the space H0ðM ; LkÞ is naturally isomorphic
with the space of holomorphic functions y on V such that
yðz þ laÞ ¼ yðzÞ; ð9Þ
yðz þ lgþaÞ ¼ e2pikzapikOaayðzÞ: ð10Þ
Let us denote the latter space by HO;k,
HO;k HððC* Þ
gÞ:
From (9) it follows that there exists a uniformly convergent series such that
yðzÞ ¼
X
n2Zg
ane
2pinz; ð11Þ
where n  z  n1z1 þ    þ ngzg. By substituting this function in (10), we
conclude that only the ﬁrst coefﬁcients, an, n ¼ ðn1; . . . ; ngÞ with 04na5k,
can be chosen freely while the others are ﬁxed by the quasi-periodicity
conditions (10). In fact, the general level k theta function, y 2HO;k, is of the
form
yðzÞ ¼
X
l2ðZ=kZÞg
alylðz;OÞ; ð12Þ
where the functions
ylðz;OÞ ¼
X
n2Zg
epiðlþknÞ
O
k
ðlþknÞe2piðlþknÞz; l 2 ðZ=kZÞg ð13Þ
form a basis of HO;k, and are commonly called theta functions with
characteristics ½l=k
0
 and usually denoted by W½l=k
0
 ðkz; kOÞ (see [17]). In
particular, we see that
dim H0ðM ; LkÞ ¼ dimHO;k ¼ kg:
4. COHERENT STATE TRANSFORM FOR ABELIAN
VARIETIES
As is well known the theta functions (12) and (13) are, for Ot ¼ tO, t > 0,
analytic continuations of solutions of a heat equation on Uð1Þg. This is a
deﬁning property of the CST in [13] (see Section 2 above), the main
difference coming from the fact that, in the present case the ‘‘initial’’ (i.e. for
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than L2, indicating that the CST could be extended to distributions on
Uð1Þg. Here, we deﬁne this extension of the CST for a given abelian
variety, study its main properties related to theta functions, and prove
that it is unitary when restricted to the subspace of linear combinations
of Dirac delta distributions supported on points of order dividing the
level k.
4.1. CST for Complexified Laplacians on Uð1Þg
From now on, we consider the abelian Lie group K ¼
Uð1Þg ¼ ðS1Þg ¼ Rg=Zg, and its complexiﬁcation KC ¼ ðC* Þ
g. Let O 2 Hg
and consider on K ¼ Uð1Þg the invariant Laplacian given by
DðY Þ ¼
Xg
a;b¼1
Yab
2p
@2
@xa@xb
; ð14Þ
where Y ¼ ImðOÞ and x 2 ½0; 1g are periodic coordinates. Let w ¼ ðe2piz1 ;
. . . ; e2pizg Þ be the coordinates in KC ¼ ðC * Þ
g, with z ¼ x þ iy, y 2 Rg, and
denote by dw ¼ dx dy the Haar measure on KC. The K-averaged heat
kernel measure dnt is deﬁned in the following way. First, we consider
the fundamental solution mt at the identity, of the heat equation
on KC
@u
@t
¼
1
4
DðY Þ
C
u; ð15Þ
where DðY Þ
C
is the K-invariant laplacian given by
DðY Þ
C
¼
Xn
a;b¼1
Yab
2p
@2
@xa@xb
þ
@2
@ya@yb
 
: ð16Þ
Then, the K-invariant measure dnt ¼ nt dw is obtained by averaging mt dw
with respect to the action of ðS1Þg,
ntðzÞ ¼
Z
K
mtðz þ xÞ dx; ð17Þ
which in this case yields the explicit formula
ntðzÞ ¼
2
t
 g=2
ðdet W Þ1=2e
p=2t
P
a;b
ðza%zaÞWabðzb%zbÞ
ð18Þ
with W ¼ ðWabÞ ¼ Y1.
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that the transform
C
ðY Þ
t : L
2ððS1Þg; dxÞ !HððC* ÞgÞ \ L2ððC* Þg; dntÞ
ðCðY Þt f ÞðwÞ ¼ ðC 8 e
t=2DðY Þf ÞðwÞ; t > 0; ð19Þ
is unitary.
To obtain the theta functions (12) and (13) as solutions of a heat
equation, we need to consider the nonself-adjoint Laplace operator on ðS1Þg
DðiOÞ ¼ 
Xg
a;b¼1
i
2p
Oab
@2
@xa@xb
: ð20Þ
It is easy to see that the imaginary part of this Laplacian does not affect
the unitarity properties of Hall’s CST. Therefore, we have the following.
Proposition 4.1. For any O 2 Hg and t > 0 the transform
C
ðiOÞ
t ¼ C 8 e
ðt=2ÞDðiOÞ : L2ððS1Þg; dxÞ !HððC* ÞgÞ \ L2ððC* Þg; dntÞ;
is unitary.
Proof. We can decompose this transform as
C
ðiOÞ
t ¼ C 8 e
ðt=2ÞDðY Þ
8 e
ðt=2ÞDðiX Þ ¼ CðY Þt 8 e
ðt=2ÞDðiX Þ ;
where O ¼ X þ iY . The unitarity of CðY Þt follows from Theorem 2.1, and
that of the operator
eðt=2ÞD
ðiX Þ
¼ eiðt=2ÞD
ðX Þ
: L2ððS1Þg; dxÞ ! L2ððS1Þg; dxÞ
follows from the fact that DðX Þ is a self-adjoint operator. ]
Consider f 2 L2ððS1Þg; dxÞ. The Peter–Weyl decomposition (3) corre-
sponds in this case to the usual Fourier decomposition, as the irreducible
representations of Uð1Þg are given by pnðe2pix1 ; . . . ; e2pixg Þ ¼ e2pixn with
n 2 Zg. We have then
f ðxÞ ¼
X
n2Zg
ane
2pixn ð21Þ
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ðiOÞ
t is given by
ðCðiOÞt f ÞðzÞ ¼
X
n2Zg
ane
tipnOne2pizn: ð22Þ
This function is the analytic continuation to ðC* Þg of the solution of the
complex heat equation on ðS1Þg
@u
@t
¼
1
2
DðiOÞu ð23Þ
with initial condition given by f in (21).
4.2. Extension to Distributions on Uð1Þg
We now extend the CST transform of Proposition 4.1, from L2ððS1Þg; dxÞ
to the space of distributions ðC1ððS1ÞgÞÞ0. This is the space of Fourier series
of the form
f ðxÞ ¼
X
n2Zg
ane
2pixn ð24Þ
for which there exists an integer N > 0, such that [19]
lim
jjnjj!1
janj
ð1þ jjnjj2ÞN
¼ 0; ð25Þ
where jjnjj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
n  n
p
. The Laplace operator and its powers act as continuous
linear operators on this space of distributions by duality from the
corresponding action on C1ððS1ÞgÞ, and deﬁne (for O 2 Hg and t > 0) the
action of the operator eðt=2ÞD
ðiOÞ
on a distribution f 2 ðC1ððS1ÞgÞÞ0. If f has
form (24), we have
ðet=2D
ðiOÞ
f ÞðxÞ ¼
X
n2Zg
ane
tipnOne2pixn: ð26Þ
Lemma 4.1. If f ðxÞ ¼
P
n2Zg ane
2pixn 2 ðC1ððS1ÞgÞÞ0 then the seriesX
n2Zg
ane
tipnOne2pizn; t > 0; ð27Þ
defines a holomorphic function on ðC* Þg.
Proof. The growing condition (25) implies that there exists an A > 0
such that for all n 2 Zg we have
janj4Aejjnjj:
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that
janetipnOnj4ecjjnjj
2
for n sufﬁciently large. Therefore, the series (27) is uniformly convergent on
compact subsets of ðC* Þg and its sum is holomorphic. ]
Recall that M ¼ V=L is the abelian variety deﬁned by the period matrix
O 2 Hg. We introduce now the deﬁnition
Definition 4.1. The coherent state transform for the abelian variety M
and for t > 0 is the map:
CMt : ðC
1ððS1ÞgÞÞ0 !HððC* ÞgÞ
f / ðC 8 e
t=2DðiOÞ Þf : ð28Þ
This deﬁnition has the following justiﬁcation. Clearly, when we extend the
CST of Proposition 4.1 to distributions we lose unitarity in the sense of this
proposition. The holomorphic images of distributions in Deﬁnition 4.1 are
in general not square integrable with respect to the averaged heat kernel
measure on ðC* Þg. However, as we will see, by considering discrete values of
t, t ¼ 1=k; k 2 N and by taking the image under CM1=k of certain ﬁnite-
dimensional spaces Fk of Dirac delta distributions supported on points of
order dividing k in ðS1Þg we obtain the spaceHO;k of level k theta functions
(12) and (13). As we mentioned these are the pull-back of holomorphic
sections of Lk ! M. The amazing fact is (Lemma 4.2) that the averaged
heat kernel n1=k introduced by Hall in ðC* Þ
g descends to the abelian variety
M and deﬁnes an hermitian structure there. The Hall expression for the
inner product inHððC* ÞgÞ \ L2ððC* Þg; dntÞ remains then almost unchanged
for HO;k with the only difference that one integrates in ðC* Þ
g only over
one fundamental region of the projection ðC* Þg ! M ¼ V=L (see Eqs. (36)
and (39)).
Consider ﬁrst, for l 2 ðZ=kZÞg, the following distributions on ðS1Þg
y0l ðxÞ :¼ ylðx; 0Þ ¼
X
n2Zg
e2piðlþknÞx: ð29Þ
From the discussion above, it is now easy to verify some of the claimed
properties of the transform CMt .
Proposition 4.2. The restriction to L2ððS1Þg; dxÞ of the CST transform
for the abelian variety M coincides with the CST transform of Proposition 4.1.
If we write f ðxÞ ¼
P
n2Zg ane
2pixn 2 ðC1ððS1ÞgÞÞ0, then CMt f is given
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ðCMt f ÞðzÞ ¼
X
n2Zg
an e
tipnOne2pizn: ð30Þ
In particular, we obtain all level k theta functions (12) and (13), since
ðCM1=ky
0
l ÞðzÞ ¼ ylðz;OÞ: ð31Þ
Proof. The ﬁrst and second statements follow immediately from the
coincidence of the formulas (22) and (26), for z ¼ x. The third follows from
(13) and (29). ]
Let us denote by Mt the abelian variety deﬁned by the period matrix Ot ¼ tO.
Then from the Deﬁnition 4.1 we see that the CST for the abelian variety Mt at
time s > 0 coincides with the CST for the abelian variety M1 at time ts
CM1ts  C
Mt
s ; 8s; t > 0: ð32Þ
With this notation, we can obtain all level k theta functions for the period
matrix tO using the CST for M1 but at time s ¼ tk,
ðCMt
1=ky
0
l ÞðzÞ ¼ ðC
M1
t=ky
0
l ÞðzÞ ¼ ylðz; tOÞ: ð33Þ
4.3. Distributions Supported on Points of Finite Order
The subgroup of K ¼ Uð1Þg consisting of points whose order divides k 2
N (the elements g 2 K such that gk is the identity) is isomorphic to ðZ=kZÞg
and its elements are given, in the coordinates x 2 Rg=Zg, by the points
fl=k; l 2 ðZ=kZÞgg. LetFk be the kg-dimensional complex linear subspace of
ðC1ððS1ÞgÞÞ0 spanned by the Dirac delta distributions
dlðxÞ :¼ d x 
l
k
 
; l 2 ðZ=kZÞg; ð34Þ
which are supported on the points of order dividing k. Distributions of this
type appear naturally in the context of geometric quantization of M with Lk
as the pre-quantum line bundle, in a real polarization, where the points of
order dividing k correspond to the so-called Bohr–Sommerfeld conditions
[22, 25, 26]. This aspect will be further explored in [11]. We will now see that
the image of Fk under the CST for Mt, at time s ¼ 1k consists of theta
functions of level k. More precisely, we have
Proposition 4.3. For any t > 0 and level k, CMt
1=k restricts to an
isomorphism of vector spaces between Fk and HtO;k.
FLORENTINO, MOURA˜O, AND NUNES420Proof. This is a consequence of the well-known relation between the
distributions y0l in (29) and the Dirac delta distributions dl , supported at the
points l=k,
dlðxÞ ¼ d x 
l
k
 
¼
X
n2Zg
e2pinðxl=kÞ
¼
X
04l0a5k
e2piðl
0 l=kÞ
X
n2Zg
e2piðl
0þknÞx
¼
X
04l0a5k
e2piðl
0 l=kÞy0l0 ðxÞ:
This implies that CMt1=kðdlÞ is a linear combination of the
yl0 ðz; tOÞ ¼ ðC
Mt
1=ky
0
l0 ÞðzÞ, by (33), and so it belongs toHtO;k. The lemma then
follows by checking that the kg 
 kg matrix A which appears above, and
whose l; l0 entry is
Al0;l ¼ ðe2piðl
0 lÞ=kÞ; ð35Þ
is invertible. ]
4.4. Unitarity of the CST Transform
Let us consider now the question of deﬁning an appropriate inner
product on the space HO;k of level k theta functions (12) and (13). These
functions are not square integrable in the noncompact space KC ¼ ðC* Þ
g
with respect to the heat kernel measure dnt. However, by considering the
sequence
V !p
0
ðC* Þg !p
00
M
z ¼
Pg
a¼1 zala / ðe
2piz1 ; . . . ; e2pizg Þ / z ðmodLÞ;
ð36Þ
such that p00 8 p
0 is the canonical projection p : V ! M, we will ﬁnd and
work instead with an appropriate measure on the compact manifold
M.
Let Z1; . . . ; Zg; x1; . . . ; xg be the coordinates on V which are dual
to the generators of the lattice L; l1; . . . ; l2g. The xa; Za can also be
considered as periodic coordinates in M, and are related to the complex
ones by
za ¼ Za þ
Xg
b¼1
Oabxb; a ¼ 1; . . . ; g: ð37Þ
COHERENT STATE TRANSFORMS 421Then the symplectic form o on M (which coincides with the ﬁrst Chern class
of L) can be written as
o ¼
Xg
a¼1
dZa^ dxa ð38Þ
and the Liouville measure on M is dZ dx ¼ o
g
g! (see [12]).
Let L be the pull-back of L to ðC* Þg with respect to p00. Since by
holomorphic trivialization of L we have
HO;k ¼ ðp00Þ* ðH0ðM ; LkÞÞ HððC* Þ
gÞ
relating the space of level k theta functions on ðC* Þg and the holomorphic
sections of L, it is natural to deﬁne an inner product on HO;k in terms of
integration on the abelian variety M, after deﬁning an appropriate
hermitean structure on L. This can be accomplished by using the K-
averaged heat kernel (18) deﬁned above. In view of Proposition 4.3, we will
consider dnt with t ¼ 1k.
Lemma 4.2. The function on ðC* Þg given by hðzÞ ¼ n1=kðzÞ defines an
hermitean structure on Lk which is the pull-back of an hermitean structure
on Lk.
Proof. Using formula (18) for n1=kðzÞ, we have that
hðz þ laÞ ¼ hðzÞ;
hðz þ lgþaÞ ¼ je2pikza j2jepikOaa j2hðzÞ
for a ¼ 1; . . . ; g. Therefore, from the quasi-periodicity relations (9) and (10)
we conclude that h is the pull-back of a section of ðLk  %L
k
Þ* and so, it
deﬁnes an hermitean structure on Lk. ]
Using this hermitean structure we deﬁne the inner product on HO;k by
hy; y0i :¼
Z
½0;1g
½0;1g
%yy0n1=k dZ dx ¼
Z
M
%*y*y
0 *h
og
g!
; ð39Þ
where y ¼ ðp00Þ * *y; h ¼ n1=k ¼ ðp00Þ* *h. From this deﬁnition of the inner
product, the normalization of which was ﬁxed by the averaged heat kernel,
we obtain
Lemma 4.3. The set of level k theta functions fylðz;OÞg, l 2 ðZ=kZÞg, with
the inner product (39) forms an orthonormal basis of HO;k.
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hylðz;OÞ; yl0 ðz;OÞi ¼
Z
½0;1g
½0;1g
X
n2Zg
eipðlþknÞ
%O
k
ðlþknÞe2piðlþknÞ%z
 !


X
n02Zg
eipðl
0þkn0ÞO
k
ðl0þkn0Þe2piðl
0þkn0Þz
 !
ð2kÞg=2ðdet Y Þ1=2e2kpxYx dZ dx
¼ dl;l0 ð2kÞ
g=2ðdet Y Þ1=2
X
n2Zg
Z
½0;1g
e2kpðxþðlþknÞ=kÞY ðxþðlþknÞ=kÞ dx
¼ dl;l0 ð2kÞ
g=2ðdet Y Þ1=2
Z
Rg
e2kpxYx dx
¼ dl;l0 ;
where dl;l0 denotes Kronecker’s delta. ]
Finally, consider on the spaceFk, the O independent inner product such
that the distributions fdlg (34) form an orthogonal basis, with
hdl ; dli ¼ kg: ð40Þ
We can now prove unitarity of the CST.
Theorem 4.1. For any O 2 Hg, level k 2 N, and t > 0, the CST transform
of the abelian variety Mt, at time
1
k
restricted to Fk is a isometric isomorphism
between Fk and HtO;k ﬃ H0ðMt; LkÞ.
Proof. Observe that the kg 
 kg matrix A (35) in Lemma 4.3, relating the
two basis fy0l g and fdlg of the space Fk, is unitary up to scaling, namely is
such that A %A
t
¼ kgI , where I is the identity kg 
 kg matrix. This implies, by
(40) and (34), that the set fy0l ðxÞg, 04la5k, is an orthonormal basis ofFk,
and the theorem follows from
hðCMt1=ky
0
l ÞðzÞ; ðC
Mt
1=ky
0
l0 ÞðzÞi ¼ hylðz; tOÞ; yl0 ðz; tOÞi ¼ dl;l0
by (33) and Lemma 4.3. ]
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